INTRODUCTION
It is our purpose in this paper to prove a fundamental identity, whose terms are a certain type of modular form, and then to demonstrate its use in proving other identities. This general identity, its proof, and the three applications of the identity that are made here were discovered by a mixture of theoretical studies and computer analyses of particular identities. This work is different from that presented in [2] [3] [4] , where the identity to be proved was first discovered by a computer search and then was proved by a computer-assisted, theoretical argument.
We will use the two single-variable T-functions 7b and Tx (cf. Tx(k,l) dàiY/(-l)nxk"2+ln = Y[(l -x2kn)(l -x2k"-k+l)(l -x2k"-k-').
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We call an identity a " T2 identity" if each of its terms has the form xaTtl(kx,lx)T(2(k2,l2), where ex and e2 are 0 or 1. We also say that a T2 identity is "balanced" if the first component pair (kx ,k2) in each of its terms is the same.
In §2 we will prove the fundamental identity (Theorem 1). It will then be used in §3 to give a new proof of a familiar identity of Ramanujan (Theorem 2) and in §4 to provide proofs for two interesting identities, called "balanced Q2 identities" (Theorems 3 and 4). In all of these proofs the fundamental identity is specialized to produce a small family of identities by assigning sets of values to its parameters. The identity in question is then established by showing it to be a linear combination of the identities in this family.
These three proofs illustrate a tentative proof method of three steps: ( 1 ) If possible, transform the given identity into a T2 identity; (2) Balance this identity using the expansion formula in [4, p. 779] ; (3) Determine if and how the fundamental formula can be used to generate a small family of identities in terms of which the given identity can be expressed as a linear combination.
The fundamental identity
The following general identity, which is of interest in its own right, is also important in generating special sets of identities from which proofs of other identities can be made.
In working with T-functions, it is often important to re-index their sums. This can be accomplished by simple transformation rules, which are also useful in putting T in "reduced" form. If / = 2kq + r, where q e Z , then
Proof of (2.3). We have that
Note, when we use (2.3) to put T(k, I) numerically into reduced form, we take r to be in the interval -k < r < k, and then use (2.1) if necessary. Throughout the rest of this paper we will give all T-functions with numerical arguments in reduced form. Proof. The proof rests on the following generalization of the expansion formula in [4, p. 779] . (The notation in [4] is changed here to suit the present proof. Note that the proof presented in [4] remains valid when we allow the parameters k > 0 and / in T(k, I) = J^-^ xk"2+ln to be rational.)
Let a, b € Z, p e Z+, (kx , Àx), (k2 , X2) e Q+ x Q, and ex, e2 e {0, 1}. If the separability condition We then have that , -, (2m -uv)uk vku2 ,
Since T = To, the expansion is then
where (using -/i(zz) by (2.1))
Now separate the sum on the right side of (2.11 ) into the difference of two sums,
where S+ = 53 xa^T(kx , lx(2n)) Tik2, l2i2n)) and (2.13) "!!;
S-= 51 xn{2n+l)T(kx,lx(2n+ l))T(k2,l2(2n+ 1)).
neRm Next, consider the expansion of the product
where /{ and 1'2 are obtained from lx and l2 by replacing / by -/ in (2.12).
Since rf|(zci, ax) = T(1(kx , -ax) , we have that (2.14) S+-S-=5;-51. Remarks. 1. In (2.4) we can permit a" to be negative, since negative powers of x can be removed from the equation by multiplying through by an appropriate power of x. 2. We do not obtain another identity from the equation 5_ = 51, since this identity arises from (2.4) by replacing "e" by "e + ^ " in (2.5) and (2.6), and multiplying the resulting identity by " xe+(vkl2m) ".
A NEW PROOF OF A RAMANUJAN IDENTITY
In this section and the next we will prove three identities using Theorem 1. In each of these proofs a small family of identities is derived from (2.4) by giving certain sets of values to its parameters. The identity in question is then verified by showing it is a particular linear combination of these identities.
The first identity we will consider is a familiar result of Ramanujan.
Theorem 2 (Ramanujan [7, 9, 10, 1, 6, 8] ). If
Proof. The proof is in three steps.
(i) We begin by transforming (3.1) into a T2 identity. For simplicity, write the infinite products in (3.1) in the abbreviated notation Identifying each factor in (3.2) as a certain Tx(k, /), we obtain the desired T2 identity, viz. . This gives respectively the two groups of twelve terms in Table 1 . Next, the term on the right of (3.3) is expanded using the parameters [3, 3, 20] , giving the twenty terms listed in Table 2 . (Note that the form of each term in all these expansions is xa'T0(30, lXi)T0(330, l2i), while in Tables 1 and  2 we have indicated only the signs and the values of a¡, lXi, l2i.) where the A,(x) and B¡(x) are listed in Table 3 . It is this equation we must prove to establish (3.1).
(iii) We now obtain three identities, given in Table 4 Table 4 correspond respectively to those in the "z" columns in Table 3 . Note that the a-values in Identity 2 must be increased by 3 because of the multiplier x3.) □ The two identities of this kind which we will prove in this section are trinomials of similar form. They have similar proofs as well, but are of quite different types, as we will show in another paper. Because these identities are already balanced, there is no need to balance them as we did in the proof of Theorem 2. At present, these are two of the three balanced Q2 identities we know.
(a) The first of these identities was originally proved as part of a proof in [4, equation (16) ]. To our knowledge, this is the first example of a balanced Q2 identity to appear in the literature. 
